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A first view …
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[1] Refer to 粘性流体力学 (黄伟希老师)



L. Prandtl: boundary layer theory
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[1] Refer to 粘性流体力学 (黄伟希老师)



T. von Karman: Karman vortex street
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[1] Refer to 粘性流体力学 (黄伟希老师)



G. I. Taylor: Taylor pump & Taylor vortex
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Taylor 电流体泵

[1] Refer to 粘性流体力学 (黄伟希老师)



Viscosity, Newton’s law, and NS equations

page8

𝑅𝑒 = 𝜌𝑈𝐿/𝜇

[1] Refer to 粘性流体力学 (黄伟希老师)



Microscopic mechanism of viscosity
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[1] Refer to 粘性流体力学 (黄伟希老师)



What if viscosity disappears?
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Superfluid (Onsager)

It is of some interest to note that in principle,

turbulent dissipation as described could take

place just as readily without the final

assistance by viscosity. In the absence of

viscosity, the standard proof of the

conservation of energy does not apply,

because the velocity field does not remain

differentiable! In fact it is possible to show

that the velocity field in such ‘ideal’

turbulence cannot obey any LIPSCHITZ

condition of the form

Ideal turbulence (Onsager)

[1] Andronikashvili, E.L. and Y.G. Mamaladze, Quantization of Macroscopic Motions and Hydrodynamics of 
Rotating Helium II. Reviews of Modern Physics, 1966. 38(4): 567-625.

[2] Onsager, L., Statistical hydrodynamics. Il Nuovo Cimento (1943-1954), 1949, 6(Suppl 2): 279-287.
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Viscosity emerges from the electron transport
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Nearly Free electron model

Electron       Lattice* 

Boundary-induced resistance

(Hydrodynamic flow)

Viscous electron model

Electron      Electron**

Viscous fluid model

Molecular      Molecular

Lattice-induced resistance

(Ohmic flow)

Electron hydrodynamics!* Refers to phonons and defects.

** Direct scattering or mediated by phonons

Room/ultralow temperature
Low temperature & low 

dimension & ultrapure

• Metal, Si|Ga[Al]As, Doped-S|BLG, Pt|PdCoO2

• SLG, semi-metal (MoP, WP2), topo-insulator



What about phonons?
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Classical model

Phonon       Phonon (U) 

Boundary-induced resistance

(Hydrodynamic flow)

Hydrodynamic model

Phonon       Phonon (N) 

Viscous fluid model

Molecular      Molecular

Umklapp-induced resistance

(Fourier law)

Phonon hydrodynamics!

Room temperature Low temperature



Hydrodynamic transport: Parallel treatment
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• Boltzmann transport equation (BTE) – semi-classical description

Particle 

scattering

Change of 

particle state

Conservative scattering

Resistive scattering

Different (quasi-) 

equilibrium states

Different 

mechanisms

𝑓: the non-equilibrium distribution function of the particle cluster around (𝒓, 𝒗)

collective 

moving 

velocity

Chen G. Nanoscale Energy Transport and Conversion. Tsinghua University Press. 2014

Solving BTE: Deterministic | Stochastic (particle nature)

Beyond BTE: wave nature, strong correlation, scattering rate

Coherence: Quantum transport in low-D system

Localization: Strong disordered/correlated system

Super/Magneto/Topo: Strong (spin/Coulomb) correlated system

Upscaling BTE: Hydrodynamic description (macroscopic)
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Knudsen effect in gas transport at microscale
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Knudsen minimum

Hydrodynamic regime Ballistic regimeTransition regime

1000.001

collective

continuum flow
“Free molecular” 

flow

the first paper on

electron hydrodynamics

[1] Gurzhi R N. Sov. Phys. JETP., 1963, 17: 521.
[2] De Jong M.J.M, Molenkamp W. Phys. Rev. B, 1995, 51: 13389-13402.



DOM to solve the Boltzmann transport equation

page17

• Discrete Ordinate Method (DOM)

• Used to solve phonon BTE in history

• Simple and clear for directly discretizing the BTE (upwind scheme)

• Appropriate to simple geometry (mechanism research)

• Similar to Lattice Boltzmann Method

• Protocols of DOM

Calculate the 

macroscopic quantities 

and internal E

Iterate and update the 

displaced distribution 

function

Calculate the new macroscopic 

quantities and their deviation 𝜀 to the 

old ones

𝜀 < 𝜀0?

Initialize the displaced 

distribution function

Calculate and output the 

transport properties

[1] De Jong M.J.M, Molenkamp W. Phys. Rev. B, 1995, 51: 13389-13402.
[2] Huang, Y. and M. Wang. Physical Review B, 2021. 104(15): 155408.



Knudsen-Gurzhi effect in electrons and phonons
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[1] De Jong M.J.M, Molenkamp W. Phys. Rev. B, 1995, 51: 13389-13402.
[2] Huang, Y. and M. Wang. Physical Review B, 2021. 104(15): 155408.
[3] Guo Y (郭洋裕). Doctor Dissertation. Tsinghua University, 2018.

Theoretical results (eBTE)

Main figure: velocity profile

Subfigure: conductivity

DOM results of (eBTE) DOM results of (phBTE)

As lee decreases, parabolic flow recovers

• Knudsen: size effect of gas transport

• Gurzhi: electron hydrodynamics

Knudsen-Gurzhi minimum
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Hydrodynamic transport: Characteristics
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Particle Scattering Resistance Equations

Molecules m-m
(quasi-) 

momentum is

conservative

boundary-

induced

N-S 

equations

Phonons ph-ph (N) ?

Electrons e-e (N) ?

• Characteristics

✓ “Non-local”: collective motion rather than individuals (conservative quantity)

✓ Emergent Phenomena: bulk viscosity emerges from the conservative scattering

✓ Source of resistance: boundary scattering makes the major resistance

• Requirements for phonons and electrons

✓ Quasi-classical regime: particle view holds under certain circumstance

✓ Low temperature and pure: momentum-conserving scattering dominates

✓ Micro/nanoscale (low-dim): boundary/impurity/dislocation plays essential roles

Chen G. Nanoscale Energy Transport and Conversion. Tsinghua University Press. 2014



Upscaling of Boltzmann transport equation
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• Boltzmann transport equation (BTE) – Chapman-Enskog expansion

• Phonon N-S equation

• Electron N-S equation

• Classical N-S equation 

[1] Guo Y (郭洋裕). Doctor Dissertation. Tsinghua University, 2018.
[2] Huang Y (黄云帆). Undergraduate Thesis. Tsinghua University, 2019.



Applications of general Navier-Stokes equations
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Theoretical resultExperiment result in GaAs/GaAlAs

Typical Setup

Magneto-hydrodynamic transport of electron
Transient phonon transport 

normal to the thin film

𝐾𝑛𝑥 = 0.1

𝐾𝑛𝑥 = 0.01

[1] Guo Y (郭洋裕). Doctor Dissertation. Tsinghua University, 2018.
[2] Huang Y (黄云帆). Undergraduate Thesis. Tsinghua University, 2019.



Conclusions
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• Electron and phonon hydrodynamics are possible under certain 

circumstances, besides molecular hydrodynamics (fluid dynamics).

• Parallel treatment of the hydrodynamic transport is feasible and will 

help predict and study the novel phenomena, i.e. Knudsen-Gurzhi effect.

• Applications in scientific research and industry are expected based 

on those hydrodynamic phenomena equipped with the theoretical 

framework.
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Thank you!

Any comments are 

welcome!

Yunfan Huang

Department of Engineering Mechanics

yf-huang19@mails.tsinghua.edu.cn


