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Breakdown of W-F law in graphene (left) & WP2 (mid) & MoP (r-top) & Sb (r-bot)

✓ System: 2D material, ultrapure, low T

✓ Phenomena: Anomalous transport of 2D electrons

✓ Impact: low heat loss in thermoelectric materials

higher/lower 𝜅e than W-F law
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High electron conductivity

Low heat generation →

High current transport capability

High cutoff frequency →

Low switching time of the transistor

Super-ballistic flow in confined graphene

➢ System: 2D materials, ultra-pure, microscale and low-T

➢ Phenomena: high mobility, may improve performance of semiconductors 

[1] Kumar K.R. et al. Nature Physics, 2017, 13(12): 1182-5
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Conventional (a) and SET-based (b) measurement for current profile

Ballistic regime

Viscous regime

[1] Braem B.A. et al. Phys. Rev. B, 2018, 98: 241304
[2] Ella, L., et al. Nature Nanotechnology, 2019.
[3] Sulpizio, J. A., et al. Nature, 2019.

Electron backflow in GaAs/GaAlAs

✓ System: Low-D, low-T

✓ Phenomena: Emergence of viscosity?



Electric resistance in 2D electron transport
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Nearly Free electron model

Electron  Lattice* 

* Refers to phonons and defects.

Viscous electron fluid

Electron      Electron

Bulk material Confined material

• Room T: Phonon scattering dominates

• Low T: Defect scattering dominates

Low T: Phonon scattering becomes weak

Ultra-pure: Defect scattering becomes weak

Lattice-induced resistance Boundary-induced resistance + Bulk viscosity

Nearly Free electron model

Electron      Boundary

→ Electron magneto-hydrodynamics

[1] Polini M, Geim A K. Viscous electron fluids. arXiv, 2019.

The first paper
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From phenomenological to multiscale modeling
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TheoryExperiment

• Strengths

• simple & direct to include collective effect, inspiring for physical modelling

• able to solve complex problems with relatively low computational cost

• Weaknesses

• insufficient to study the microscopic mechanism

• unclear about the applicability of the phenomenological theories

• Macroscopic model: Electron N-S equation

[1] Gurzhi R N. Sov. Phys. JETP., 1963, 17: 521.
[2] Gurzhi R P, Shevchenko S I. Sov. Phys. JETP., 1968, 27: 1019.
[3] Alekseev P S, Semina M A. Phys. Rev. B, 2018, 98: 165412.



From phenomenological to multiscale modeling
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• Microscopic model: Electron drift-diffusion equation

• Strengths

• simple & direct to include resistance scattering and geometric barriers

• easy to consider the collective effect based on scattering models in BTE

• Weaknesses

• relatively high computational cost for complex problems 

• less physical intuitive for the phenomenological hydrodynamic mechanism

• Basis of test-particle method, an 

example of Monte Carlo method

• Collision term based on BTE, which 

has been utilized in transport of 

neutron/photon/electron/phonon

[1] Dmitriev, A., M. Dyakonov, and R. Jullien, Physical Review B, 2001, 64(23): 233321
[2] Dmitriev, A., M. Dyakonov, and R. Jullien, Physical Review Letters, 2002, 89(26): 266804.



• Resistive scattering

• Conservative scattering

• Boundary scattering

From phenomenological to multiscale modeling
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EB

v e e-p
e-i

e-bd

e-e

Body scattering

• Boltzmann transport equation (BTE)

Electron 

scattering

Change of 

electron state

Conservative

Resistive

Different (quasi-) 

equilibrium states

Different 

mechanisms

Typical Setup

collective 

moving 

velocity

zero local 

velocity

lMC

lMR

[1] De Jong M J M, Molenkamp L W. Phys. Rev. B, 1995, 51: 13389-13402.
[2] Scaffidi, T., et al., Physical Review Letters, 2017, 118(22): 226601.
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Mesoscopic BTE

Electron hydrodynamic 

equation (MACRO)
Discrete ordinate 

method (MESO)

Numerical solution Theoretical solution

Up-scaling 

method
Numerical 

Algorithm

verification

Plenty of possibilities of electron hydrodynamics

Multiscale feature:

ElectronHD v.s. classical electron transport

• Conductivity (T-dependence)

• Vortices in flow fields (viscosity)

• Boundary layers (“electron-kinetics”)

• Pre-turbulence (instability)

• Shock | shadow wave (non-linear)

ElectronHD v.s. classical hydrodynamics

• Relaxation effect (resistance)

• Magneto-resistance (multi-physical)

• Hall viscosity effect (odd viscosity)

• Non-equilibrium effect (ballistic)

• Non-local effect (correlation)

Interdisciplinary feature: 
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Another topic: electrokinetics ([离子]电动理学)

微观双电层厚度 = 1~100 nm 宏观流动尺度 = μm甚至 mm 量级

Compact layer Diffuse layer

• 电动流体力学的研究对象：电解质溶液中带电界面附近双电层内离子与流体的耦合输运

带电界面附近存在净电荷区 (双电层)

电化学势梯度诱导流体与壁面产生剪切

界面电荷输运与体相流体流动强烈耦合：

流体电渗流动，颗粒电泳运动，电解质溶液导电…

微观界面作用机理 宏观流动典型现象

界面电动流动的基本特征：多物理（流动与离子输运耦合），跨尺度（界面薄层引起宏观流动）

[1] Onsager, L., Report on a revision of the conductivity theory. Transactions of the Faraday Society, 1927. 23: 341-349.
[2] Onsager, L. and R.M. Fuoss, Irreversible Processes in Electrolytes. Diffusion, Conductance and Viscous Flow in 

Arbitrary Mixtures of Strong Electrolytes. The Journal of Physical Chemistry, 1931. 36: 2689-2778.
[3] Onsager, L., Reciprocal Relations in Irreversible Processes. Phys. Rev., 1931. 37(4): 405-426; 1931. 38: 2265–2279.
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Phase diagram of transport

by theoretical evaluation

Magneto-resistance effect

by numerical simulation

[1] Alekseev P.S. and Semina M.A. Phys. Rev. Lett, 2018, 98: 165412.
[2] Scaffidi T., et al. Phys. Rev. Lett, 2017, 118: 226601.
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Giant negative magneto-resistance in GaAs/AlGaAs

(magnetic field)(confinement)

• How do the magnetic field impact the electric resistance in confined materials?

[1] Kumar K.R. et al. Nature Physics, 2017, 13(12): 1182-5
[2] Hatke A.T. et al. Phys. Rev. B, 2012, 85: 081304

Superballistic flow in confined graphene

1000.001



Magneto-resistance in hydrodynamic regime
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Microscopic mechanism can be studied qualitatively, HOWEVER, 

• quantitative results for problems with various B.C.’s are difficult to obtain;

• it is still unclear about the sign of magneto-resistance in hydrodynamic regime.

Previous Work

1. Alekseev (2018) presents that negative magneto-resistance 

under small magnetic field in the ballistic transport regime.

2. Holder et al. (2019) find opposite signs of the curvature of Ey

in the ballistic and hydrodynamic regimes.

3. Mandal et al. (2020) argue that bulk magneto-resistance is 

always positive in the hydrodynamic regime.

Electron band

• Nature: Single energy band with parabolic spectrum (“simple”)

• Examples: GaAs, GaAs/AlGaAs, PdCdO2, BLG (doped Bi-layer graphene)

[1] Govorov, A.O. and J.J. Heremans, Physical Review Letters, 2004, 92(2): 026803
[2] Alekseev P S and Semina M A Phys. Rev. Lett, 2018, 98: 165412 
[3] Chandra M, Kataria G, Sahdev D, et al. Phys Rev B, 2019, 99: 165409.
[4] Mandal I, Lucas A. Phys Rev B, 2020, 101(4): 045122.
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System Setup: an 2D infinite, conductive and isothermal strip

Calculate the macroscopic 

quantities and internal E

Iterate and update the 

displaced distribution 

function

Calculate the new macroscopic 

quantities and their deviation 𝜀 to 

the old ones

𝜀 < 𝜀0?

Initialize the displaced 

distribution function

Calculate and output the 

transport properties

• Displaced Boltzmann equation

• Discrete Ordinate Method

• simple and clear: directly discretize the BTE

• comprehensive: consider three kinds of scattering

• appropriate to simple geometry (but not easy to generalize)



Meso: DOM Algorithm (Benchmark)
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Knudsen-Gurzhi minimum (K-G minimum) As lMC decreases, parabolic flow recovers.

Dots: results from proposed DOM

Lines: results from literature

p = 0

Electric conductivity

(d
ri

ft
 v

e
lo

ci
ty

)

(position)

lMR/W = 5.5, α = 0.7

Electron fluid flow profile

(e-e interaction strength)

(c
o

n
d

u
ct

iv
it

y
)

When lMR < lMC, the lattice-electron interaction dominates:

When lMC < lMR, the electron-electron interaction dominates:

[1] De Jong M J M, Molenkamp W Phys. Rev. B, 1995, 51: 13389-13402.
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Electro and magneto cyclotron 

radius

• Grad moment method based on Fourier spectra

Applicable within diffusive regime:

• Electron hydrodynamic equations (“electron N-S equations”)

Macro: Grad moment method for up-scaling
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Agree well with each other

within diffusive regime

(Kn < 0.01, p < 0.6)

DOM results (line) v.s. N-S equation results (dots)

Macro: Verification of electron N-S equations
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• GCA model for 2D strip with back gate

• Self-consistent model for 2D strip without back gate
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Take the angular term into consideration: how to calculate 𝐸𝑦?

Result: Magneto-resistance effect (Internal E)

drift screening viscosity

electro-staticchemical

• Poisson equation model for 3D thin film
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Result: Magneto-resistance effect (Results)

1. Only Poisson equation model gets convergent.

2. Negative MR effect only occurs within the ballistic

regime rather than the hydrodynamic regime.

3. Under high electric field, MR effect is always positive.

Phase diagram of MR’s sign
Exemplars of MR curves under low E

Impact of E’s scale on MR curves 



Conclusions
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• A numerical algorithm (DOM) based on mesoscopic theory is established, and verified by

theoretical solutions successfully. Then the applicability of macroscopic electron N-S equation

is clarified, which is valid only within diffusive regime. This addresses the necessity of

utilizing the full formation of Boltzmann equation instead of linearized displaced eBTE or

macroscopic equations while dealing with relevant problems.

• The condition of occurrence of negative magneto-resistance is investigated. Negative MR

effect only occurs within the ballistic regime rather than the hydrodynamic regime

under low electric field. When the electric field becomes large enough compared to the

magnetic field, its effect on the deflection of the electrons cannot be neglected and will lead to

the positive magneto-resistivity in the whole parameter domain.
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Thanks!



Derivation of displaced electron BTE
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• Transform the original BTE

- Expansion of distribution function around 

equilibrium distribution 

- Split the steep factor           from displaced 

distribution function

• Simplification of displaced BTE

- ignore the high-order effect

- retain the electric force only

- ignore the finite temperature effect



Essentials of Discrete Ordinate Method
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• Upwind scheme – Using upwind model points to discretize the derivatives

• Gradual Channel Approximation – Using Q=CU to calculate the internal E

• Statistics of macroscopic quantities



Parameters

Notes

a) Discrete velocity space and Gauss quadrature

b) Upwind scheme using virtual time stepping

c) Similar to Lattice Boltzmann Method (LBM)

Strengths

a) Able to capture non-equilibrium effect

b) More freedom to choose parameters

Numerical Scheme of Discrete Ordinate Method
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• Numerical Scheme:
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